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Abstract 

We discuss the existence of a non-perturbative gauge sector that can raise the rank of the 
gauge group of the A/4 = 2 heterotic string up to 48. These gauge bosons, that don't exist in 
six dimensions, co-exist with those originating from small instantons shrinking to zero size. 
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1. Introduction 

It is well known that, under certain conditions, the gauge group of the heterotic string, 
whose maximal rank is fixed, in the perturbative construction, to be sixteen, can be non- 
perturbatively enhanced. This has been shown to happen, for instance, in Me = 1 compacti- 
fications of the 5*0(32) string, when small instantons shrink to zero size []. This extension 
of the heterotic gauge group, whose rank can be raised to 32, can be explicitly observed in 
the type I dual construction ||, where it appears perturbatively. Indeed, through the map 
to F-theory, configurations have been analyzed, for which the gauge group can receive a 
bigger enhancement [|J, but here we will consider only situations that we can study through 
string-string duality, without passing through higher dimensional theories. Intrinsically, the 
existence of such non-perturbative states is related to the nature of the space on which the 
string is compactified, so that it exists for any value of the coupling constant. Indeed, from a 
geometrical point of view, in the case of the heterotic/type I dual pair mentioned above, the 
spaces on which the heterotic and the dual type I string are compactified are the same. It 
is natural therefore to ask whether in certain cases a non-perturbative phenomenon such as 
that at work on the small instantons of the heterotic string, can provide a further enhance- 
ment of the type I gauge group, that would eventually raised to a group of maximal rank 
3 x 16. By duality, such an extension should exist also on the heterotic side. The aim of 
this note is to discuss this issue, and to provide evidence for the existence of such a further 
non-perturbative enhancement, in compactifications to four dimensions. As we will see, the 
further compactification of the Me = 1 theory is essential for the appearance of new gauge 
bosons, whose coupling does not depend on a volume but rather on a complex structure 
modulus. 

We will consider the problem both from the heterotic and the type I point of view. 
Finally, we will discuss also the type IIA dual point of view, commenting on a possible higher 
dimensional (M-theory) interpretation. Our analysis ultimately provides a step toward the 
investigation of type II/heterotic duality for A/4 = 2 compactifications of the type IIA string 
which are not realized on K3 fibrations. 

2. The Heterotic and Type I string 

We start by reviewing some facts about compactifications of the heterotic string, obtained 
by toroidal compactifications on T 2 of the Me = 1 theory in six dimensions. This theory has 
A/4 = 2 supersymmetry. The perturbative corrections to the couplings of the F^F^ or R 2 
terms of the effective action can be shown to have a general form of the type: 

— « ImS + A(T) + A(U) + ..., (2.1) 

where T and U are the moduli associated to the Kahler class and complex structure of 
the two-torus respectively The ImS-term is the tree-level contribution, while the 

1 Extensions of the gauge group, that appear as non-perturbative from the heterotic point of view, have 
also been observed in the M-theory compactified on S 1 x T 4 / Z2 in Ref. Q . 
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functions A(T), A(J7) appear at the one loop 0. When a type I dual orbifold exists, it can 
be shown || that the correction to the F 2 terms does not depend on T, which on the other 
hand is mapped, under duality, into the modulus S'. This field parameterizes the tree level 
effective coupling of the D5-branes sector ||, namely the sector dual to the heterotic small 
instantons [|IJ. The non- dependence of the effective coupling of the heterotic F 2 terms on 
this modulus is then a necessary requirement in order for the duality to work, because on 
the type I side there is no perturbative mixing of the two moduli in the effective gauge 
couplings. On the other hand, the analysis of this duality tells us that the heterotic field 
T, entering generically into the corrections of various terms of the effective action, is not 
just a geometric modulus, but indeed the coupling of a non-perturbative sector. For generic 
heterotic A/4 = 2 compactifications, the dependence of the corrections on this modulus 
can be therefore interpreted as the signal of the running of states charged under both the 
perturbative and non-perturbative sectors. 

We may now ask how should we interpret the dependence of the corrections on the other 
modulus, U. Can this be seen in some way as the coupling of another, non-perturbative 
sector? And if yes, what is this sector? For sure, if U has to be interpreted as the mod- 
ulus parameterizing the gauge coupling of another sector, this latter cannot exist in six 
dimensions: whatever could in fact be the coupling of this sector in six dimensions, toroidal 
compactification would then give him a dependence on the volume of the torus, namely on 
the field T, and not on U. It must therefore necessarily be a sector that appears only after 
compactification from six to lower dimensions. By duality, this must be true, whenever it 
exists, also on the type I dual of the heterotic construction. Indeed, the F 2 and R 2 correc- 
tions of the type I A/4 = 2 effective action depend on this modulus || [10| , and we could ask 



the same question, namely what is the interpretation we must give to the modulus U, also 
in the type I framework. 

If we indicate respectively by and g^) the couplings of the small instantons and of 
this new, unknown, sector, we would have: 

~ Im T ; 



9{a) 

1 

4) 



ImU. (2.2) 



When the heterotic torus T 2 is described by a product of two circles, of radii R\ and R 2 , we 
would have: 

~ R1R2 ; 

9(a) 

\- ~ Ri/R 2 - (2.3) 

The two couplings are therefore exchanged under T-duality along the second circle. If we 
start from the 50(32) heterotic string, we can put on the second circle a Wilson line that 

2 In the above formula, we give only the dominant behavior, omitting any contribution of Wilson lines 
and terms mixing the contribution of these moduli. 
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breaks 50 (32) to 50(16) x 50(16), chosen in order to act as W in Ref. |T|. T-duality 
along this circle exchanges then the "50(32)" with the U E 8 x E 8 " theory, making clear 
that, while the modulus T has to be interpreted as the coupling of the small instantons of 
the 50(32) theory, U should be interpreted as the coupling of the small instantons of the 
E 8 x Eg theory. Our claim is that indeed, in four dimensions, both these sectors are present 
at the same time. What makes this possible is the fact that, unlike in field theory, in the 
toroidally compactified heterotic string there is T-duality, with the presence, at the same 
time, of momentum and winding states. The ordinary small instantons correspond to non- 
perturbative objects of the "field theory" part of the heterotic string, i.e. the one built on the 
Kaluza-Klein, momentum states, while the other non-perturbative states are pure stringy 
non-perturbative states. Indeed, as discussed in Ref. [|TT| , |T2f , zero-size Eg x E$ instantons 
don't give rise to vector multiplets in six dimensions, but rather to tensor multiplets. This 
fits with our interpretation of the field U : only after compactification to lower dimensions 
the tensor multiplets give rise to vector multiplets. If we decompactify the four dimensional 
theory to six dimensions (V(2) = R1R2 — ► 00), we indeed observe the disappearance of this 
gauge sector from the effective action: 

1 ImT 



1 ImU 



1; 



4) v <» " R l 



(2.4) 



On the type I side, this is related to the fact that, as explained in Refs. [O, the fixed points 
of the T 4 / ' Z<i ~ K3 compact space of the six dimensional Mq = 1 theory are associated 
to a gauge bundle without vector structure, so that the non-perturbative states arising 
from small type I instantons in six dimensions contain tensor multiplets instead of vector 
multiplets. The appearance of new massless vector multiplets after circle compactification 



from six dimensions was interpreted, in Ref. |TlJ , from the heterotic point of view, as due to 



the appearance of tensionless strings. Here we want to stress that the appearance of these 
states in the lower dimensional theory is not related to the actual existence of a perturbative 
(subgroup of the) E 8 x E 8 gauge group: they are indeed present also in the 50(32) theory. 
The simultaneous presence of both the small instantons of 50(32) and Eg x E$ is due to 
the T-duality of the heterotic string, and matches with the simultaneous presence of these 
states on the type I dual theory, in which however only one of these two sectors is non- 
perturbative. Here however we are faced with a puzzle. If we go to six dimensions, by 
decompactifying the two-torus of the heterotic string, and reinterpret the vector multiplets 
of four dimensions in terms of vector and tensor multiplets of six dimensions, we see that the 
number of these states does not in general satisfies the constraint imposed by the vanishing 
of the six dimensional anomaly: 

N H - N v + 29N T = 273 . (2.5) 
The solution to this puzzle comes from the analysis of the type II dual point of view. 
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3. The Type II point of view 



Since heterotic/type IIA duality in four dimensions maps the heterotic dilaton field into a 
perturbative, volume-form modulus of the type IIA string, we expect that inspection of the 
latter can give a hint in understanding what is happening. On the type IIA string side, 
the Horava-Witten orbifold of the M-theory is realized as an ordinary K3 compactification, 
which admits an orbifold realization as T A /Z 2 . This projection produces a twisted sector 
dual to the E 8 x E 8 gauge sector of the heterotic string. A further Z 2 orbifold projection, 
besides the breaking of supersymmetry to A/4 = 2, produces also a new twisted sector, 
corresponding to the 5*0(32) sector. Indeed, the two orbifold projections are equivalent 
and interchangeable. Moreover, the 5*0 (32) and E 8 x E 8 points are connected in the K3 
moduli space, and in type IIA only the the Cartan subgroup of the gauge group appears 
perturbatively. It has therefore no meaning to distinguish between SO (32) and E 8 x E 8 : 
in the following we will simply refer to "rank 16" factors of the whole gauge group. Only 
one of these factors appears perturbatively on the heterotic side. The second one appears 
perturbatively only on the type I side. There is however a third twisted sector, corresponding 
to the fixed points of the product of the two Z 2 orbifold projections. This gives rise to another 
rank 16 sector, which is non-perturbative on both the heterotic and type I sides. On the type 
IIA side, this Z 2 x Z 2 orbifold has in total 48 fixed points, and it was repeatedly considered 
in the literature, both in the framework of string jT4[ or of F-theory compactifications JTB], 



17T| . It corresponds to the orbifold limit of the compactification on a Calabi-Yau manifold 
with Hodge numbers (h ' ,h ' ) = (51,3). Its perturbative spectrum contains 3+48 vector 
multiplets and 4 hyper multiplets. The perturbative corrections to the effective coupling of 
the R 2 term were computed in Ref . Jl4| , and read 



Q 2 

j grav 



log ImT 1 !^ 1 )! 4 - log ImT 2 |^(T 2 )| 4 - log ImT 3 |?7(T 3 )| 4 , (3.1 



where T 1 , T 2 , T 3 are the moduli associated to the Kahler classes of the three tori of the 
six dimensional compact space. Since the compact manifold is not self-mirror, the above 
correction is most probably modified by non-perturbative corrections. However, the above 
expression already indicates us that, under type II/heterotic duality, these moduli should 
be mapped into the three moduli S, T, U []. From the type IIA analysis, it appears clearly 
that these moduli parameterize the couplings of three equivalent gauge sectors: only one 
of them shares the "bare" coupling with the perturbative heterotic string, namely the one 
parameterized by the field S, and an entirely perturbative heterotic dual exists only when 
the other two sectors are not present. This happens if one of the two orbifold projections acts 
freely, in such a way that neither the corresponding twisted sector nor the twisted sector 
corresponding to the product Z 2 x Z 2 possesses fixed points. This freely acting orbifold 
corresponds to the CY 11,11 manifold, which is a K3 fibration. This construction, together 
with its heterotic dual, has been considered in Refs. [T"S|]-[21J. In that case, the corrections 



For simplicity, here and in the following we will omit all the normalization coefficients and the cut-off 
dependent term accounting for the infrared running. For more details about this, we refer the reader to 
Ref. @. 

4 We recall that, for large Iml, -log lmX\r){X)\ 4 -> 3lmX, -log ImX|tf 4 pO| 4 -> log ImX. 
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to the R 2 coupling read, on the type IIA side: 



1 



log ImT 1 !^ 1 )! 4 - log Imr 2 |^ 4 (T 2 )| 4 - log Imr 3 |# 4 (T 3 )| 4 . 



(3.2) 



9, 



, 2 

grav 



The t9 functions in the second and third term signal that the corresponding sectors are 
massive. We remark that, in general, it is not possible to construct an heterotic model with 
a behavior of the coupling like: 



namely, a model in which only the vectors corresponding to the "SO(32)" small instantons 
are present. Again, the substantial "equivalence" of the moduli T and U in the heterotic 
perturbative construction is a consequence of T-duality of the heterotic string |. The example 
we provided was just intended to give the flavor of what is happening, without any aim to 
provide a concrete dual for a specific situation. In general, the four dimensional A/4 = 2 
heterotic string is dual to a type IIA string compactified on a K3 fibration M.. One can 
easily realize that, under heterotic/type II duality, the heterotic torus T 2 is mapped inside 
the fiber on the type IIA side. In this space, there are always at least three two-cycles, that 
must correspond to the three vector moduli present in any A/4 = 2 heterotic compactification, 
namely S (the base of the fibration) and the two moduli of the torus, T and U, in such a 
way that ( ImS x ImT x Im U) ~ Volume(A / i). The T «-> U symmetry of the perturbative 
heterotic string implies a corresponding symmetry also for their images in A4, at least when 
the volume of the base is large. When on the heterotic side extra, small-instanton-like 
states appear, and the type IIA fibration degenerates, the singular points must appear in 
a symmetric way with respect to the two cycles corresponding to the image of T and U. 
For what matters the six dimensional anomaly constraint, we have to keep in mind that 
the decompactification of the image of the heterotic two-torus is a singular limit on the 
type II side, that leads in general to what resembles a "non-compact orbifold". The "six 
dimensional" theory obtained via this decompactification is not therefore a true, smooth six 
dimensional theory, and there is no reason to expect that the massless states satisfy the six 
dimensional anomaly constraint, Eq. ( p.5|) 0. 

4. Comments 

It is natural to ask why these new states never appeared in the various analysis of small 
instanton-like phenomena of the heterotic string, and whether there can exist a description 
of them in terms of some effective theory of membranes or, in general, solitonic solutions 
of some effective theory. In order to answer to these questions, we must go back and see 
how the "ordinary" small instantons have been detected. These states are always described 
in terms either of D5-branes of the type I string, therefore using string-string duality, or in 

5 This duality can be broken by Wilson lines, but never in a way to lift the mass of all the states of only 
one of the two sectors. 

6 For a further discussion, see Ref. |28[. 
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ImS 1 -log ImT|r/ 4 (r)| 4 -log Im U\tf 4 (U)\ 4 , 



(3.3) 
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terms of solitonic, or membranes, solutions of "field theory" configurations that are supposed 
to contain the heterotic string, such as those of M-theory. However, in both these cases one 
always "projects" the underlying theory onto a subspace spanned by the only Kaluza-Klein 
states. Namely, in order to give a description in terms of field theory solutions, one looks 
for a geometric picture, that necessarily discards a part of the states. In other words, one 
never has, at the same time, one manifold and its T-dual. If the states of a certain kind of 
small instantons (those of the E 8 x E 8 or those of the SO (32) string as well) are described 
in terms of a field theory built on geometric objects, like membranes, it is not possible to 
describe, at the same time, also the T-dual states. 

As we said in the previous section, the new states correspond instead to "true" small 
instantons of the type I string, something very different from what one usually calls the 
"type I small instantons" , namely the duals of the heterotic small instantons, the D5 branes. 
Their existence can be inferred from the fact that, like the heterotic string, also the type 
I string is compactified on a K3, with a bundle with tensor structure. However, the only 
way of explicitly observing all these states is through the direct type II construction in 
four dimensions, as we did in the previous section. There, T-duality of the heterotic string 
appears as a symmetry in the moduli space, that maps, in the specific example we considered, 
a twisted sector into another one. We argue that the place where these phenomena can be 
properly investigated is the type IIA string construction in four dimensions []: these new 
states should appear at singularities of K3 fibrations, and their coupling would be derived 
from the intersection of the corresponding cycles with those associated to the moduli T and 



U From this point of view, it is clear that, as we said, the type II fibration must 

possess a symmetry corresponding to the heterotic T <-> U symmetry, at least when the 
volume of the base is large. This implies a symmetry in the fiber, so that the appearance 
of only cycles that "intersect" T and not, at the same time, cycles that "intersect" U (or 
vice- versa), would correspond to a breaking of the heterotic T-duality much stronger than 
the one expected Q, which is due to instanton phenomena, suppressed at the weak coupling 
(large S). In this case, the breaking of T-duality would be "explicit", for instance in the 
effective action corresponding to the massless degrees of freedom, and persist even in the 
weak coupling limit. We consider this phenomenon quite unlikely to happen, because it 
would contradict a perturbative symmetry of the heterotic string even in the weak coupling 
regime. To this regard, a comment is in order about certain results of Ref. Q, for which 
it seems that the number of tensor multiplets and the rank of the extra, non-perturbative 
gauge group one obtains at special points of the six dimensional heterotic theory, give, after 
compactification to four dimensions, a result in contrast with T-duality. More precisely, 
as discussed in section 6 of Ref. H, the theory is only "covariant", but not "invariant" 
under T-duality (see discussion around Eq. (47) of that reference). The analysis is based 
on the duality between the heterotic string compactified on a K3 and F-theory compactified 



on a Calabi-Yau three-fold. The existence of such a duality was conjectured in Ref. p3| 



as a consequence of the decompactification of both the four dimensional heterotic string 
compactified on T 2 x K3 and its type II dual compactified on a K3 fibration. At the base of 



7 For a detailed analysis of certain specific cases, see Ref. [ p9| . 
8 See for instance Ref. [E2]. 
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the argument, there was the conjecture of Ref. ^4j, according to which the type II theory is 
essentially F-theory compactified on a torus. However, the chain of arguments leading from 
a string/string duality in four dimensions to a string/F-theory duality in six dimensions 
presented in Ref. |23| is in general not correct: the passage from four to six dimensions is in 
fact very singular. In order to get a well defined six dimensional limit, one has to assume in 
fact that the heterotic torus T 2 is mapped to a torus, or a P 1 , on the type II side. However, 
in the examples of heterotic/type II dual pairs discussed in Refs. p], p5| , where the map 
of the moduli of the two-torus has been carefully taken into account, it happens that the 
moduli T and U, associated respectively to the Kahler class and to the complex structure 
of the heterotic torus, are mapped to two volume moduli of the fiber on the type II side, in 
such a way that ImT x ImU = V(4), the volume of the fiber. Something similar happens 
also more in general: on the heterotic side both the Kahler class and the complex structure 
of a two-torus belong to the vector multiplets. On the type II side, instead, they belong one 
to the vector and the other to the hyper multiplets (which one, it depends on whether we 
consider type IIA or type IIB). It is therefore clear that the heterotic torus must map into 
something in the fiber, but it cannot be a torus. In general, it is not a P 1 either: both T and 
U must correspond to vector multiplets, represented by two independent cycles in the fiber. 
More precisely, they must map into two of the three cycles that are always present in any K3 
fibration (see the lower bound of Eq. (30) of Ref. |21]| ). In fact, in the case of duality with 
type IIA, together with the divisor dual to the heterotic dilaton, they must span the "volume" 
of the Calabi-Yau manifold. The decompactification of the heterotic torus, i.e. the limit 
ImT — > oo, is therefore something ill defined on the type II side: if this decompactification is 
achieved by passing through a five- dimensional theory, then also ImU — > oo, or ImU —>■ 0. 
In any case, even if one trades, via a bi-rational transformation, a P 1 , or a torus, in the fiber 
with one in the base, there remains a mismatch regarding what happens to the other cycle. 
The decompactification of the heterotic string is a very singular operation on the type II 
side, that "destroys" the initial K3 fibration of the type II string. Conversely, let's consider 
the F-theory compactified to six dimensions on that K3 fibration, A4. Now, either Ai is also 
fibered over a torus, or a P 1 , that can be considered to correspond to the type II coupling, 
so that, in a certain limit, this vacuum can be seen to correspond to a (weakly coupled) 
type II vacuum, or is not. In the first case, further compactification on a two-torus adds (at 
least) one vector multiplet and one hypermultiplet. In the second case, compactification on 
a torus must add at least one hypermultiplet, in order to provide the coupling of the type II 
string. In any case, this compactification adds at least one hypermultiplet. This means 
that, away from special points, it adds one vector and one hypermultiplet. On the heterotic 
side, instead, compactification of the six dimensional theory on a two-torus adds, away from 
special points, two vector multiplets. There is therefore in general a mismatch between the 
two theories. The loss of track of the heterotic T-duality on the type II side has its origin in 
the ill-definiteness of the decompactification. These problems arise when we want to use an 
analysis based on six dimensional anomaly in order to derive, via toroidal compactification, 
the non-perturbative spectrum of the four dimensional theory. In this case, the (singular) 
Calabi-Yau space of the type II string cannot be used as a good compactification space: the 
F-theory dual of the so derived six dimensional heterotic string may well be compactified 
on a very different space, that just "projects" on M.. Moreover, there is in general no 



7 



consistent field theory description accounting for all the massless states at the same time. In 
the cases in which one considers only the perturbative moduli space of the heterotic theory, 
and translates its properties into geometrical properties of smooth manifolds, implementing 
then the analysis with a set of rules based essentially on field theory, this duality |23| works, 
and can be transferred from six to four dimensions without problems: in six dimensions, the 
perturbative theory is in fact highly constrained, and the four dimensional theory is simply 
a dimensional reduction of that. 



5. Conclusions 

In this note we discussed the existence, in heterotic and type I T 2 x T 4 / 'Z 2 compactifications 
to four dimensions, of a non-perturbative gauge sector, that extends the whole gauge group 
to a maximal rank 48. This sector originates from wrapped tensor multiplets associated, on 
the type I side, to the Z 2 fixed points. On the heterotic side, these vector multiplets are 
generically present together with those appearing when small instantons shrink to zero size. 
The simultaneous presence of both these non-perturbative sectors in the heterotic string is 
essentially due to T-duality, that exchanges momentum states with winding states. The 
coupling of these extra gauge bosons, that don't exist in six dimensions, is parameterized by 
the field U, associated to the complex structure of T 2 . The analysis we carried out is only 
qualitative, and we leave for future investigation interesting issues like what really are the 
allowed gauge groups and what is the massless spectrum, including hypermultiplets. From 
the investigation of the type IIA string we learn that, from the M-theory point of view, 
the three gauge sectors, namely the one corresponding to the heterotic perturbative gauge 
group and the two non-perturbative ones, should appear essentially on the same footing. 
By this we mean that physics cannot "prefer" one sector with respect to the other. Only 
the identification of the heterotic dual chooses a preferred direction. This fact may have 
interesting consequences for the string phenomenology: there is in fact no a-priori reason to 
prefer one of the three gauge sectors to be the one that should contain the Standard Model f\, 
and the relation between gauge couplings and string parameters may be rather different from 
what expected from a perturbative heterotic string analysis. In this case, we have in fact 
three gauge sectors, in which the coupling is parameterized respectively by the fields S, the 
axion-dilaton field of the heterotic string, T, the modulus associated to the volume of a 
two-torus, and U, associated to its complex structure. In particular, in the third sector the 
coupling does dependent neither on the string scale, nor on the size of internal dimensions, 
but only on a "shape" modulus, both for the heterotic and the type I string. 



For a discussion of this issue, see Refs. p7| . 
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